The patterns of symmetry breaking in the gauge theories are investigated systematically in the general rotation groups and unitary groups, with Higgs scalars in the various representations up to second rank tensors. The occurrences of the fermion mass relations and pseudo-Goldstone bosons are also discussed in various cases.
INTRODUCTION
Recently, it has been shown that it is possible to construct a renormalizable field theory to unify the weak and electromagnetic interactions. ' In this class of theories, one starts from the usual renormalizable Yang-Mills
Lagrangian based on certain symmetry groups, where all the vector gauge bosons are massless and then breaks the symmetry spontaneously to give masses to the gauge bosons in such a way as to preserve the renormalizability of the theory. This solves the long-standing problem in the high-order weak interactions.
In the conventional theory of weak interaction, the high-order effects have no meaning due to the uncontrollable divergences present in the non-renormalizable field theory.
2 If a cutoff A is introduced in the theory to define these divergent quantities, it turns out that this cutoff A is embarrassingly small (-5 GeV) in order to be consistent with the known facts in the weak interactions. The renormalizability of this new type of theory guarantees that the higher order contributions are finite and calculable and presumably small.
This opens the possibilities of constructing more realistic models to describe the weak interactions of the leptons and hadrons. Here one has to choose an appropriate gauge group and assigns leptons and hadrons to some representations of the group in such a way that the known facts of the weak interactions are not violated. 3 However due to the limitation of the present available experimental data, there is a large degree of freedom as regards the choice of the group in constructing models. In this paper we attempt to examine systematically the pattern of the symmetry breaking in the general rotation group O(n) and unitary groups SU(n), and various aspects concerning the group structure of the theory. We hope that this approach will provide some useful information as to what to expect in various situations. Hence @i and $i are the massless Goldstone bosons. Notice that the number of the Goldstone bosons is the same as the massive gauge bosons. This is due to the fact that these massless Goldstone bosons play the role of providing the extra degrees of freedom needed for the gauge boson to go from massless state with two degrees of freedom to the massive state with three degrees of freedom.
So the general feature of this type of symmetry breaking is to have as many zero mass scalar bosons as the massive gauge bosons.
This kind of symmetry breaking has a very simple classical interpretation.
We can consider the meson self-interaction and their mass terms as classical potential If p2 < 0, the minimum of V(T), the state of the lowest energy, is at the origin g=O.
Howe ver for p2 > 0, the minimum is at
as shown in Fig. 1 In section (II) and (III), we discuss the symmetry breaking in the general O(n) and SU(n) groups. For simplicity we consider all the representations up I to the second rank tensors. In section (IV) we discuss briefly the situation with products of groups likeO(n) X O(m) or SU(n) x SU(m).
There are several very interesting phenomena which comes out as a byproduct in this class of the renormalizable theories, e.g., zero order fermion mass relations, 4 pseudo-Goldstone bosons. 5 These two kinds of phenomena are purely group theoretical in nature. We discuss them in the section (V) in the context of the groups we are interested in, Section (VI) summarizes the results obtained and discuss the implications.
II. SYMMETRY BREAKING INO

GROUP
As is well known, 6 inO there are n(n-1)/2 generators which can be represented by
The commutation relation among the generators, the Lie algebra, can be worked out by using the representation (2.1) with the obvious rule In the case of unifying the weak and electromagnetic interactions, we need (n-2) sets of vectors to reduce U(1) symmetry of electromagnetic interaction.
If one wants to construct a strong interaction theory from this type of gauge theories, one needs (n-l) set of vectors in order to get rid of all the infrared singularities. The potential can then be written as (20 14) The minimum of this potential is then
From these ecjdations, we look for solutions where not all airs are zero.
Suppose that ai # 0, for i=l, 0 l 0 , k, then from Eq. (2.15)) we must have [-p2+2~l (ia The most general symmetry breaking in this case is
.
I.e,, at most O(n) reduces to products of three smaller rotation groups,, However, the detailed calculation shows that it only breaks into two pieces; Since the matrix X is hermitian, it can be diagonalized by a unitary transformation, which corresponds to a change of basis vector in the space. Therefore without lose of generality, we can take X to be diagonal to rewrite Eq. 
IV. PRODUCTS OF SIMPLE GROUPS
The gauge theories based on products of simple groups are very important in constructing models, because of the necessity of including both lepton and hadron symmetries in the theory.
For the product of the simple groups, the generators and irreducible representations can be constructed very easily from those of the groups in the product. 
V. OTHER RELATED TOPICS
It was pointed out by Weinberg' that in some cases the restriction of the invariant potential to the fourth order polynomials forces the potential to have symmetry which is higher than the rest of the Lagrangian. Under that circumstance, there are more zero mass Goldstone bosons than the massive vector gauge bosons, because the number of Goldstone bosons are determined by the potential. These extra Goldstone bosons, called pseudo-Goldstone bosons by
Weinberg, have vanishing masses in zeroth order and will pick up masses in the higher order correction because the other interactions don't respect the accidental high symmetry. These masses, coming solely from the higher order interaction should be finite and calculable if the theory is renormalizable. This is due to the fact that there is no mass term in the zero order Lagrangian to -25-absorb the divergent masses coming from the higher order corrections.
These finite masses are presumably small if the coupling constants are weak. Hopefully these pseudo-Goldstone bosons can be identified as the pions or the whole pseudo-scalar octets. This phenomena provides a very interesting mechanism to explain the approximate symmetries like SU(2) X SU(2), or SU(3) X SU(3), seen in the strong interactions.
Hence it is very useful to find all the cases where this phenomena can take place.
For all the representations we have considered in the previous sections, it turns out that only in a very special case can we have pseudo-Goldstone bosons.
For the case where there is only one irreducible representation, we have found that the symmetric second rank tensor inO(3) and the adjoint representation in SU(3) can serve the purpose. This term is the one which is responsible for splitting up the fermion multiplet when the system undergos spontaneous symmetry breaking.
If the representation content of $ and + are such that this term is not present, the fermion multiplet would not know the symmetry breaking in the zero order, and their masses will have higher s$mmetries. Since this higher symmetry is only special to the fermions, it will be broken by higher order corrections. Again the renormalizability face the mass difference generated from the higher order effect to be finite and calculable.
In the O(n) and SU(n) group, this term is absent if both fermions and the scalars belong to the vector representation except in O(3).
VI. DISCUSSIONS
We have studied all the symmetry breaking patterns in the general O(n) and SU(n) group for all the representations up to the second rank tensors, The results are summerized in Table 3 .
Among these results we have obtained so far, the familiar groups o(3) and SU(3) seem to have the special feature in the appearance of the pseudo-Goldstone bosons. For this reason, it seems to be very promising to construct models based on groups which are products of O(3) or SU(3) with some other groups.
This paper which deals with the most general group structure of the gauge theories, can be looked upon as the first step toward building the models., To go further, one has to assign the fermions, both leptons and quarks, to some representations of the groups and study their selection rules. Of course, there must be a large degree of freedom in the choices within the present data. Before the future experiments can nail down the correct group to use, the sensible criterion would be whether the models offer any insight into those mysteries in the weak interactions, like the origin of the Cabbibo angle, the ratio of the muon mass to the electron mass, etc.
In nature, only the U(1) gauge symmetry, corresponding to the electromagnetic interactions, is exact. So one would like to break the symmetry down to U(1). As seen in the table, this situation does not happen very often. However from the work of S, Coleman and E. Weinberg, 9 the symmetry can also be broken spontaneously by the higher order radiative corrections. This gives the possibility of breaking the symmetry in two stages; one starts from a big group G1 and breaks down to a smaller group G2 through Higgs mechanism and then breaks further down to the final U(1) symmetry a la Coleman and E, Weinberg. This kind of scheme is very attractive because in first stage, the symmetry breaking effect is usually very large and the second stage symmetry breaking due to the radiative correction, is usually small so that the G2 group can be used to explain the approximate symmetries, like SU(2) or SU ( 3) Now we look for the values of nl, n2, n3, which give the smallest minimum, corresponding to the ground state of the system. From the expression (B. 12), we see that if Al > 0, A2 > 0, the smallest Vm corresponds to the minimum of f(nl,n2,n3), and if Al > 0, A2 < 0, the smallest Vm corresponds to the maximum -35-of fty, n2, n3) o By using the identity nl(n2-n3)4 + n2(nl-n3)4 + n3(nl-n2)4 = + [ nl(n2-n3)2 + n2(nl-n3)2 + n3(nl-n2)2 1 c (n2-n3)2 + (n -n )2 + (n ) 2 1 3 -n 1 2 I we can reduce f(n n n ) to a simpler form 1' 2' 3 (n 2 -n 3 )2 + (n -n ) 2 f0-y 1 2 + n3) tn1-n3J2 n2, = 2 C nl(n2-n3)2 + n2(nl-n3)2 + n3(nl-n2)2 1 (B. 15)
We introduce the variables x E nl + n2, y Z nl-n2 to rewrite f(nl, n2, n3) as and has a minimum at x = t with value f = $ . Along the other line y=O, we have -36-with minimum at x=n with same value f= $ o Actually these two points n x =y= 2 and x=n,y = 0, which correspond to nl = %, n2 = 0, n3 = 5 andnI= E, n2= t, n3 = 0 respectively, are equivalent because function f(nl,n2,n3) is symmetric in nI, n2 and n3. Therefore for the case n n is even the minimum for f(nl,n2, n3) is at nl = n2 = 5 D For the case n is odd sincen n It turns 1 2 =n = 2 is not allowed, we have to look at the nearby points, out that the minimum is at n = 1 i(n+l), n2 = i(n-1) andn3 = 0. To get the maximum of f(nI, n2, n3), the analysis is very similar. We get the results that for nl = n -1, n2 = 1, n3 = 0, f is the maximum, hence V is at minimum.
Now let us consider the invariant potential with the cubic term
The condition for the minimum is then We have to solve this cubic equation for 4, and substitute it in the potential V(+,) to find the value of nl, n2, n3, where V(#) is the smallest. This computation is straightforward but very tedious. We only give the results here.
(a) For hl > 0, h2 > 0, we consider the variation with respect to A3. At A3 = 0, we know that O(n) splits into two "almost" even pieces, i,e., .
n nI= 5 n even n+l nl= 2 n odd.
As we increase A3, either in positive or negative direction, the minimum starts to shift toward the pattern where O(n) splits into two most uneven pieces, i.e., O(n) --c O(n-1).
(b) For h > 0, h2 < 0, the minimum is very stable against the variation 1 of hg, i.e., O(n) -O(n-1) for all h3.
-38-
APPENDIX C
In this appendix, we show how to get the solution for the second rank tensor $3 either symmetric or antisymmetric, if we know that X = $$* = c1, where I is the n x n matrix. The domain for the function f(x, y) in Eq. B. 16).
